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Abstract

This paper considers a flexible extension of the binomial and negative-binomial thinning
operator, referred to as a modulating operator, that is linked to a class of certain Mobius
matrices. Different count processes using this operator are considered, like INAR(1)- and
INMA (1)-type processes as well as minification processes. A novel connection to linear
birth-and-death processes is also provided.

Keywords: count time series, minification processes, integer-valued autoregressive mod-
els, thinning operators.

1 Introduction

The traditional first-order autoregressive (AR(1)) model with model recursion ¥, = @ - Y, + €,
cannot be applied to a count process (X,), i.e., a stochastic process consisting of non-negative
integer-valued random variables (r.v.), because the involved multiplication would not preserve the
integer nature of the count r.v. For this reason, various integer substitutes of the multiplication
have been proposed in the literature. In particular, so-called thinning operators are widely used
for defining integer-valued autoregressive (INAR) models for count processes, see Weil3 (2008),
Scotto et al. (2015). The probably most well-known thinning operator is binomial thinning of
Steutel & van Harn (1979), which is defined through a conditional binomial distribution: Given a
non-negative integer valued random variable X, one defines po X = ZIX: | B; with independent and
identically distributed (i.i.d.) Bernoulli r.v. B; ~ Ber(p), being also independent of X, such that
poX|X ~ Bin(X; p). Here, p € [0, 1] denotes the ‘success probability’. Binomial thinning entails
a ‘shrinkage’ of X in the sense that p o X < X almost surely (a.s.), so also E (p o X) < E (X).

In this paper, we study an operator ‘©’ on non-negative integer-valued random variables that
generalizes binomial thinning and has several desirable properties. For a r.v. X with values in
Ny =1{0,1,2,...}, we let

X
00X = ZZi, (D
i=1
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where the r.v. (Z;);=12,... are i.i.d. and independent of X, and where their distribution is a mixture
of an atom at zero and a geometric distribution on N = {1,2,...}. This distribution can be
equivalently expressed as that of B - V, where V, B are independent, V is geometrically distributed
on N, and B is Bernoulli distributed. The shape of this distribution will be determined by a
two dimensional parameter 6 = (a,8) with 8 > 0 and 0 < @ < B + 1 (to be explained later in
Section 2). The operator ® and the class of modified geometric distributions was also studied
in Bourguignon & Weifl (2017) and coincides with the definition in Aly & Bouzar (2019), with
different notations (their (m, r) is our (@, 8)); we adopt their name T-geometric distribution for
it, where the ‘T’ refers to the truncation at zero. Our operator © is also, again with a different
parametrization, the operator suggested in Andrews & Balakrishna (2023). This operator shares
some of the convenient properties of binomial thinning ‘o’ (see Steutel & van Harn (1979)), but
there are also substantial differences. In particular, while a thinning operator necessarily leads to
a reduction of the mean (recall the above discussion of binomial thinning), the operator defined by
(1) also allows for increases in the mean of the involved random variable. For this reason, we refer
to ‘@’ according to (1) more generally as a modulating operator (modulation). What makes T-
geometric distributions convenient to work with is the fact that their probability generating function
is of a linear fractional type. Expressed in terms of the alternate probability generating function
(apgf) €z (s) = E((1 - 5)%), we have
as
1+8s

1-%7(s) =

In particular, 1 — € (s) is a Mobius transformation and we will show how a matrix representation
of such functions can be exploited to investigate properties of stochastic processes involving T-
geometric distributions. While this connection with Mobius tranformations seems novel, the
pleasant property that the class of linear fractional functions are closed under functional iteration
has already been observed before. In particular, in the study of branching processes, the linear
fractional case has been emphasized before as a tractable case, e.g., in Athreya & Ney (2012),
Section I.4. (see also Kevei (2011) for an example in the INAR context).

There is a vast literature regarding generalized thinning operators related to our definition.
A survey of thinning operators, including generalized versions, is given by Weil3 (2008), Scotto
et al. (2015). Al-Osh & Aly (1992) describe an operator w * X = Zf:ol Z;, where the counting
variables (Z;) have a geometric distribution on N with parameter w/(1 + w), say Geon, (15%)-
Here, ‘o’ is the binomial thinning operator, and A, 1/w € [0, 1] has to hold. Operator ‘*’ has a
structure equivalent to (1) if we write ijf( Z; = Z,X: | Bi - Z; with Bernoulli r.v. B;, showing that
‘x” is covered by our modulating operator ‘©’. The operator we discuss is also a special case of
the ‘compounding multiplicative operator’ in Weill & Zhu (2024). We also note that Risti¢ et al.
(2009) define a thinning operator ‘=’ that relates to our case, but with counting variables that have
a pure geometric distribution (without zero inflation). See also Latour (1998), McKenzie (1986),
Zhu & Joe (2010) and Nasti¢ & Risti¢ (2012) for related models and Weil3 (2008), Scotto et al.
(2015) for an overview over the literature regarding thinning operators.

Using the operator ©, one can define the autoregressive INAR-type process

Xns1 =00 X, + &, ()

as studied in Aly & Bouzar (2019). INAR(1)-type processes with different kinds of thinning
operators have been proposed by Al-Osh & Aly (1992), Andrews & Balakrishna (2023), Latour
(1998), Aly & Bouzar (2005), and many further authors. A zero-inflated geometric setting is also
discussed in Barreto-Souza (2015), Bakouch et al. (2018), and Bourguignon & Weil3 (2017).



In this paper, we additionally investigate a minification process defined by
Xn+1 = (00 Xy) A Up,

where the addition in the INAR-type setting is replaced by a minimum. Again, the (U,,) are i.i.d.
and independent of everything else. Minification processes were first studied in the continuous
setting with a simple multiplication instead of ‘®’, see Tavares (1980), Lewis & McKenzie (1991).
A discrete variant was introduced by Kalamkar (1995). There, a process X, = K - (X,—1 A &y)
is defined, where K > 1 is some fixed integer and (&,) are i.i.d. The main focus of that paper
is the class of possible stationary distributions. Littlejohn (1992) defines an operator ‘p\’ such
that p\X = X + Zf;’ll G; and G; are i.i.d. geometric random variables (on Ny). The minification
process is then Y,,11 = (0\Yn) A n41 withii.d. (n7,,). A quite similar process is studied in Aleksié
& Risti¢ (2021), Qian & Zhu (2022), and Stojanovié et al. (2024). Here, a modified negative-
binomial thinning operator ¢ is used, namely @ o X = Zf;ll G; (note the additional ‘+1’° in the
upper summation limit), where (G,) € Geon,(1/(1 + @)) are i.i.d. with a geometric distribution
and P (G; =0) = ﬁ In terms of our more general operator ‘®’, this is the special case where
aoX =Gy + (a,a) ®X. Barreto-Souza et al. (2023) study a process X, = Z,, A X,,—1 + &, with
independent geometrically distributed Z,, with support on INy. There is also a short discussion
regarding a generalization to zero-inflated Z.

The remainder of this article is organized as follows. After having introduced our modulating
operator ‘®’ in Section 2, our first main contribution is presented in Section 3. There, we show how
our modulating operator can be related to the multiplication of certain M&bius matrices, and how
matrix algebra can be utilized to simplify calculations. With Section 4, we then turn to the modeling
of count processes. First, we consider a generalized version of the INAR(1) model according to
(2), where limiting cases and forecast distributions are investigated. Afterwards in Section 5, we
discuss the aforementioned minification process, which has interesting stochastic properties. In
Section 6, we show seemingly new connections of the aforementioned modulation-based processes
to linear birth-and-death processes. Section 7 then briefly discusses the moving-average (MA)
counterparts (‘INMA’) to the INAR-type processes of Sections 4 and 5. Finally, we conclude in
Section 8, where we also outline possible directions for future research.

2 The modulating operator

In what follows, we let
Cx(s) = ((1 - s)X) . 5€(0,2),

denote the alternate probability generating function (apgf). We mainly use this variant of the
probability generating function instead of the usual Px(s) = E (s¥) as it turns out that this
definition is well suited to our needs, see e.g. the central formula (7) below. Note that €x(s) =
P (X <T), where I'y has a geometric distribution on Ny with IP (I'y = k) = s(1 - $)K for k € Ny.
We have €x(0) = 1, €x(1) = P (X =0), and Zx(s) is completely monotone on (0, 1), in
particular non-increasing. The mean and variance of X can be deduced from 5 (0) = -IE (X)
and ¥ (0) = E (X (X - 1)). For a sum of independent r.v. X and Y, we have the usual product
rule Tx.y(s) = Ex(s)Gy(s). We refer the reader to Fristedt & Gray (1997) for more properties
of probability generating functions. Since €x(s) = Px(1 — s), properties of either transform
immediately translate to properties of the other.

The classes of distributions to be used in the sequel are summarized in Table 1. We write A



Table 1: Notations and properties for some discrete distributions, where p € [0, 1], 4 > 0.

Name Abbreviation Support P(X =k) Zx(s)
Geometric  Geon(p) N p(1 = p)k-! %

Geon, (p) No p(1-p)k T

BerG (a, B) Ny see eqn. (6) 1- %
Bernoulli  Ber(p) {0,1} p,fork =1 1-ps
Binomial ~ Bin(n; p) {0,1,...,n} ()p*(1 = p)nk (1—ps)™
Poisson Pois(A1) Ny e"”}(—f e~
Geometric  GeoP(4, p) Ny see Johnson et al. (2005) exp (— 1’1‘;‘3)
Poisson

and V for the minimum and maximum operation, respectively, and x* for 0 vV x. Empty sums are
defined to be zero, empty products are one, and 0° = 1 as well.

In Section 2.1, we discuss the T-geometric distribution, which serves as the basis for defining
our modulating operator in Section 2.2. After a brief summary of some basic properties, our first
main contribution is presented afterwards in Section 3, where we associate the modulating operator
with the Mobius transform and a corresponding matrix representation.

2.1 T-geometric random variables
Letther.v. X € Geon (p) be geometrically distributed with support Nand P (X = n) = (1-p)*~!p
for n > 1, recall Table 1. Then, its apgf is given by

s
p+(1-p)s’
If Z ~ BX is a (1 — a, a)-mixture of a geometric distribution with an independent Bernoulli r.v.
B ~ Ber(a), then clearly

Gx(s)=1- 3)

as 5
— = -2 @)
p+(1-p)s 1+ =Ly

Ez(s)=1—-a+a¥%x(s)=1-
Noting that P (Z =0) = P (B =0) = 1 — a, it also follows that a non-negative integer-valued
r.v. Z has such a distribution if and only if (iff) P (Z =n|Z > 0) = (1 — p)" 'p forn > 1 and
P (Z > 0) = a. This distribution was called T-geometric distribution in Aly & Bouzar (2019).

In the special case a = 1 — p, the distribution defined by (4) reduces to the ordinary geometric
distribution on INo, Geon, (p). Hence, a > 1—-p (a < 1 - p) corresponds to inflating (deflating) the
zero probability compared to Geon, (p). In what follows, we use the reparametrization & = a/p
and 8 = (1-p)/p, orequivalently, p = (1+8) 'anda = a(1+p8) !, for§ >0and0 < a < 1+8.
Following Bourguignon & Weifl (2017) and Aly & Bouzar (2019), we write Z ~ BerG (6) with
parameter 6 = (a, ) if Z has this T-geometric distribution, denoting the parameter space by

© = {(a.p)|B € [0,00), @ € [0,1+5]}. ®)



With this choice of parameters, we then have (cf. (2.3) in Aly & Bouzar (2019))

o =0
1+
a 1 1
1- i k=1,2,3,...
1+81+p 1+
and the apgf of Z becomes particularly nice, namely
as
=1- 2).
Gz(s) T+ s’ € [0,2) (7
It is straightforward and is stated in Aly & Bouzar (2019) that [E (Z) = -%7,(0) = @ and
Var (Z) = a (1 +28) - a?. (8)

Since 8 > (a — 1)*, we have Var (Z) > (a? — @) V (@ — a?) = a|l — a|. It is easy to check
that equality holds iff eithera = 0ora =1or p = 1.

We have seen that given Z > 1, Z has a conditional geometric distribution with mean 1 + 3,
and that Z has the distribution of the product B - X, where B has a Bernoulli distribution with
PB=1)=1-P((B=0)=a/(l +8), Xis geometricon N withIP (X =1) = 1/(1 + B), and
both are independent.

Note that for @ = B, the T-geometric distribution BerG («, 8) reduces to the ordinary geometric
distribution Geon, (1/(1 + 8)) on Ny. The case of zero inflation corresponds to @ < 3, where we
can rewrite (6) as

Q
I S

BRI

X .
ﬂ1+ﬁ( 1+ﬁ) ;k=1,2,3,...

So Z ~ B’- Xy, where now B’ has a Bernoulli distribution with P (B’ = 1) = 1-P (B’ =0) = a/B,
Xp is geometric on Ny with IP (X = 0) = 1/(1 + ), and both are again independent.
By contrast, zero deflation is attained for @ > 3, where we have

:(1—(a—ﬁ)s)-(1—lfsﬁs), (10)

suchthat Z ~ B” + X with P (B” =1) =1-IP (B” =0) = @ — B and X as before. The maximal
extent of zero deflation is attained for @ = 8 + 1, where Z’s distribution becomes zero-truncated,
namely Z ~ Geon (p).

k=0

P(Z=k)= ©)

—_

as  1-(a-p)s

?Z(S)=1_1+,Bs_ 1+ 8s

2.2 Definition and properties of the modulating operator

For a non-negative integer-valued r.v. X and 6 = (a,B) € O, Aly & Bouzar (2019) define an
operator

X
vox=312 an

where the counting variables (Z;);=12,... € BerG (6) are i.i.d. and independent of X and which
we will call modulating operator. We agree that in an expression, where several modulations are



performed, we can use one d-symbol but still assume that all modulations are independent of each
other. As an example, if X and Y are independent, then

0o (X+Y) L 00X +00Y. (12)

The following results for the mean, variance, covariance, and probability mass function can
also be found in Andrews & Balakrishna (2023), see also Aly & Bouzar (2019).

Lemma 1. Suppose that X and Y are non-negative integer-valued but not necessarily independent
andthat 00X = Y.X, Z;and0Y = Y1, Z!, where Z; ~ BerG (0), 6 = (e, B) and Z] ~ BerG (£),
§=(v.0).

(a) E0oX)=a-E((X)

(b) Var (00 X) = E (X) (a (1 +2B) — @?) + a*Var (X).

() Cov(8oX,£0Y) =F (25‘:1 Y Cov(Zs, z;.)) +a -y Cov(X,Y).

(d) Cov(00X,X) = aVar (X).

(e) The correlation coefficient is given by

Var (X)
Var (X) + E (X) (%—1)'

Q(QQX’X)ZJ

(f) If we define (;‘) = 0 for j > n then

(B RS _ S\ k—j-1\({a=-BY (1+B8-a\"’
Pwox=k-(2] ;P(X_n);)(j)( () ()

The formula in (f) can be found in Aly & Bouzar (2019) and Andrews & Balakrishna (2023),
but it is also a consequence of the connection of the modulating operator with linear birth-and-death
processes (Section 6) and well-known formulas for the latter (see e.g. Bailey (1964), p. 112).

3 Mobius transform and modulating operator

3.1 Matrix representations of Mobius transforms

Several results in this paper are based on compositions of rational functions f : R\ {-d/c} - R
of the type

as+b
cs+d’

f(s) = a,b,c,d>0, ad-bc+0, (13)

where ad = bc is excluded as f (i) is a constant function in that case. Note that under this exclusion
neither (a, b) nor (¢, d) is (0, 0), so that both numerator and denominator are not identically zero.

Such functions are called Mébius transformations Behrends (2022), and a function of the type
(13) is represented by the 2 X 2 matrix

My = (j Z), det My # 0. (14)

We observe that with the permutation matrix P = ((1) (1)), PM; is the matrix representation of



1/f(s) while M¢P is that of f(1/s). We note that if ¢ # 0, then

(s) = 1 deth (15)
)= c\Y T esvd)”
Furthermore, for every m > 1
dam c m-1det My
— =m! (- —_— 16
dsmf(s) " ( cs + d) (cs+d)? (16)

If ¢ = 0, in turn, then the condition det My # O implies that ¢ = 0 # d. In this case, (16) also
trivially turns out to hold for every m > 1 and s (unrestricted).

The above matrix representation is not unique, because two matrices that differ only by a scalar
factor represent the same Mobius transformation. The usefulness of the representation stems from
the fact that the functional composition f o g of two Mobius transforms is represented by a matrix
multiplication (see e.g. Schiff (2022), Theorem 1.38),

Mpog =Mys - M.
In order to distinguish important cases, we define the discriminant of My by
A= (a—d)?+4bc,

which is obviously non-negative in our case. In the theory of Mobius transforms f (or M for that
matter) is called

* hyperbolic if A > 0 and

* parabolic if A =0,
see e.g. Behrends (2022), p.161. Regarding the eigenvalues of M, there is the following result.

Lemma 2. The matrix M ¢ has the two real eigenvalues A = %(a +d+VA) and i = %(a +d—VA).
In particular, u < A. The eigenvalues fulfill the inequalities ut < a Ad and 1 > a Vv d, with
equalities iff bc = 0. Here, u = d (equiv., A = d) iffa > d (equiv., a < d) and bc = 0.

Proof. The characteristic polynomial of My is
(a—x)(d—=x)=bc=x>—(a+d)x+ad-bc. (17)
The roots are given by A = %(a +d+VA)and u = %(a +d —VA). Moreover, since VA > |a — d|,

a+d+ VA a+d+]a-d| a+d-VA a+d-la-d|
> =avd, u= < =

A= 2 2 2 2

and,

so that the inequalities follow. If b¢c = 0 then VA =|a—-d|andhence A =aVdand u = a Ad.
The last assertion follows since u = d is equivalent to a — d = v/(a — d)? + 4bc and A = d is

equivalent to d — a = \/(a — d)?* + 4bc. o

Denote by / the 2x2 identity matrix and define Mg = [. Recall that we are assuming throughout
that det My = Au # 0, so that neither A nor u is zero.

Lemma 3. M" = u,I +v,My for every n > 0, where

f
YY) T A0, as)
Uy = Vu =
"l --nar a=o; "t a=o.



The n-fold composition f" = f o f o--- o f of the Mobius transform f with itself is given by

(uy +vpa)s +v,b

f(s) = : (19)

vues + Uy +vud

Proof. The decomposition M }‘ = upl +v, My can be found in Williams (1992). Equation (2) there
gives
My¢—pul N WMy —al

A—pu u—Aa

n _ n
M =2

for 4 # p and M? = ! (an —(n—- 1)/11) for A = u, which yields (18) after rearrangement.
With (14), this yields

U, +vya v,.b

n __ —
Mf—unl+van— boc U+ vyd

’

a matrix representing the function given in (19). O

Remark 1. Itis not hard to show that if M is not proportional to /, the decomposition according to
Lemma 3 is unique for every n > 0, in the sense that no other ii,,, ¥, exist such that M ? =i, I+V,My
holds. Also observe that, as expected, (ug,vo) = (1,0) and (uy,v;) = (0, 1).

Also, we mention that the fact that, for every n > 0, M? is a linear combination of / and
M ¢, which should not be surprising as for any d X d dimensional matrix A, Cayley—Hamilton’s
Theorem implies that there are constants yy, . .., ¥q—; such that A4 = Zg:—é yxA¥, which implies
by induction that for every n > d, A" is a linear combination of 1, A, ..., A4l (for0<n<d
this is a triviality). For d > 3, the coeflicients participating in this linear combination may have a

substantially messier representation than the simple expressions given in (18). O

Remark 2. We note that the case where a, b, ¢, d are not necessarily nonnegative and/or ad—bc = 0
can also be handeled similarly, which can also result in A < 0 and therefore A, u being complex
conjugates of one another. It is easy to check that in this case, u,, v, appearing in (18) remain
real-valued. Since we will not need this kind of generality, in what follows, we have assumed from
the outset that a, b, c¢,d > 0 and ad — bc # 0. O

We immediately observe that in light of Lemma 3, (15) and (16), we have for n > 1 that

on 1 (deth)"
050 = o (an = o).

dm cn ™1 (detMy)"
—__fon = [ [ - 7
dsmf (5) = m! ( CnS + dn) (cns +dy)?’

provided that ¢, # O for the top equation and c¢,s + d, # O for the bottom equation, where
ap = U, +vua, c, = vuc,and d,, = u, +v,d.

Let r = u/A. Noting that |[r| < 1if A>0,r = 1if A =0, and thatv,, > 0 foralln > 1, itis
easy to check that

(=r)r" .
", = M sA>0

u+—= — 0 forn — oo. (20)



Via M} = unl + v, My = Vi ((u + un/vn) + My — ul), this implies that

1
—M} — My - ul, 21
o,y T M H 2D

from which it follows that, whenever ¢ # 0 and u # d,

(uy +vya)s +v,b (a—pu)s+b b a—u
—_ = =
vpes + U, +v,d cs+d—pu d—pu c

£ (s) = (22)
as n — oo. Note that My — ul is singular and therefore (a — u, b) and (c,d — u) are linearly
dependent and thus the ratio ((a — u)s + b)/(cs + d — u) is constant in s. Letting s = 0 and
s — =+oo gives the two rightmost ratios. The rightmost equation also follows from the fact that
det(Mf —ul) =0.

We observe that when ¢ # 0, then u = d iff b = 0 and d < a. In this case, f°"(s) — “;d.
Similarly, when ¢ = 0, then u # d iff a < d, in which case u = a, which gives f°"(s) — dl'%a.

As just observed, convergence of M” is not necessary in order to have convergence of f°".
Instead, since a,, M ?(s), with (a,) some positive sequence, represents the same Mobius function

as M gn, it is sufficient to have convergence of a, M ? provided that it does not vanish as n — oo.

Theorem 4 (Asymptotics of f°).
(a) Ifc =0, then
(i) if0 < a=d, then f"(s) = s + Zn;
(ii) otherwise

onsn_ b a\n ayn

=g (1-(G))+(G) s @3

b) Ifc#0and A >0, thenr = u/A < 1 and
df +0@(") ;b#0, (24a)

on — —d
JPO=vazd o6m h-0a>q (24b)
o@r") ;b=0,a<d. (24¢)

(¢) Ifc #0and A =0, then
on as
[ (s) = : (25)
cns +a

For completeness: If a = ¢ = 0, a case that is not allowed in the definition (13), then f°"(s) is
constant.

Proof of Theorem 4. We first consider the case where ¢ = 0 (and necessarily d # 0), i.e. f(s) =
a5+ %. If0#a=d,then f"(s) = s + %, s0 f(s) — oo. If 0 < a # d, then

ayv  ((8)"-1) b +(s b

fon(s):(ﬁ)”b a-d  d-

which is (23). If a > d, then obviously f°"*(s) — oo.
Now suppose ¢ # 0. First note that it follows from (17) that

(a—p)(d-u)=bc and (a—-2A)(d-AQ) = bc,
aswellas (a—u)(a—A)=-bc and (d-pu)(d-2)=-bc,

) (a/d)",

—a

(26)



where the second row of equalities follows by noting that A + u = a + d impliesd — 1 = u — a.
Also recall from Lemma 2 that u < a A d and A > a Vv d with equalities if bc = 0.
For the case u < A, it follows from Lemma 3 that
AT K (1= ™My = (= AP = My =l — (M — A1) 7"
T F—u =Mfp-H f )
SO we can write
(a—w)s+b-((a—)s+b)r"

F7s) = cs+d—u—(cs+d-A)rr

Note that by (26),
(d=p)((a—ps+b)—b(cs+d—p) = ((a—p)(d—p)—bec)s+b(d—p)—b(d-p) =0,
b(cs+d—-2)—(d—p)((a—A)s+b)=(bc—(d-p)(a—2A)s+b(u—21)
=((a—pw) —(@a=-))(d-pw)s+bu—2) = (A—-p)((d-pws-b).

So

_ (A=) ((d—p)s—b)r"
u o (d—,u)(cs+d—;1—(cs+d—/l)r”)’

b
() = =

so that (24a) follows.
Suppose that b = 0,so u =a Adand A = a vV d. We can easily show by induction that

a'(a-d)s

°(s) = . 27
F7) a*cs —d"(d —a+cs) @7
If a > d, then we can write (27) as
on 3 (a-d)s B a-d n
S = cs—ri(d—a+cs) ¢ +orn. %)
If a < d, then
on r"(a—d)s n
sy = A g,

T a-d-(1-r"es

If A = u (= a = d), then we necessarily have b = 0 since A = 0 and ¢ # 0. It follows that
f(s) = =22 It is not difficult to show that (25) holds.

cs+a’

Finally, if a = ¢ = 0, then f(s) = 2. O

3.2 Further properties of the modulating operator

By well-known properties of random sums, the probability generating function of 6 © X is
Poox(s) = Px(Pz(s)). Consequently, keeping (7) in mind, the apgf is given by the simple
expression

Goox(s) = Poox(1 —5) = Px(Pz(1 —s)) = Fx (1 =Gz(s)) = Fx (fo(s)), (29

where the Mobius transform fg and its associated matrix My are given by

fo(s) = lfsﬁs, My = (Z ?) (30)
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Table 2: Correspondences between M&bius transforms and (0, ©).

‘ Mobius transform ‘ Associated matrix ‘ Element of ®
Definition | fg(s) = % Mgy = (‘B’ (1)) 0
Operation fg(s) = f91 (fgz(s)) Mg = Mgl M92 0=60,00;

With a slight abuse of notation, we use the simpler My here instead of My,. As an example, if
X ~ BerG (v, 6), then

. vfels) yas
Goox(8) =1 = s o = " e (B o) s’ (D

i.e. the modulating operator preserves the zero-truncated geometric distribution, with 6 © X ~
BerG (ya, B + da) (this is a special case of Lemma 5 below).

With respect to matrix multiplication, the set of matrices of this particular type, with (a, 8) € 0,
form a non-commutative monoid with unit /, the 2 X 2 identity matrix. The corresponding Mobius
transforms inherit the same structure, with function composition serving as the operation. It then
makes sense to define a corresponding operation ‘©’ also on our parameter space ©, in a way that
0 = 61 © 6, is defined such that Mg = Mg, Mg, (cf. the operation (2.6) in Aly & Bouzar (2019) and
the results following it). Then, (©, ®) becomes a non-commutative monoid, too. We thus have the
correspondences summarized in Table 2.

Using the above association with matrix multiplication, we easily show the following lemma.

Lemma 5. Let (Q,‘)jzl,z ..... n= (a’j,ﬂj)j:l,z ’’’’’ n € ®. Then

n n Jj-1
0,00 1000 =] o > B[ i (32)
i=1  j=1 =l

If the 0 are identical, then

(1,nB) =1

°"=0000---00 = .
(a/" ot ) ja # 1.

(33)
’l-a

Proof. The results follow easily from multiplication of Mg, and My,. Then (a2, 82) © (@1, 81) =

(apa1, Baay + B1). Using induction, one obtains (32), which, in turn, implies (33) as a special

case. O

Remark 3. The particular case (33) can also be found in Aly & Bouzar (2019). This is basically
(5) in Athreya & Ney (2012), p. 7, where generating functions of the form

b b
Pr(s)=1-——+ 2
I1-p 1-ps
are considered, corresponding to BerG (a, 8) distributions with a = U—I'W and 8 = %. &

With = denoting convergence in distribution, we have the following.

Theorem 6. Consider a sequence (6});=1,... n asin Lemma5 andlet Xy = X and X,, = 0,,0X,,_1,
where we assume that all modulations are performed with independent counting variables. Let

11



Ap =111, @i and B, = Z_’;=1 Bj {;11 a;. Then, the following is true.
(a) If the limits A = lim,,_,oo A, and B := lim,_,« B, both exist and are finite, then X, =
(A,B) 0 X.
(b) If A,, — oo (and necessarily B, — ) and q¢* = lim, o A, /B, € [0, 1] exists, then
X, = X, where X* is degenerate with values in {0, co} and P (X* = 0) = ©x(g%).

Proof. Assertion (a) is an immediate consequence of @x, (s) = Fx(3 fgjs) (see (32)) and the
continuity theorem for probability generating functions. To prove (b), note that &x, (s) — Ex(g")
asn — oo, which is indeed the apgf of a degenerate random variable with values 0 and oo (a version
of the continuity theorem including degenerate random variables can be found in Fristedt & Gray

(1997), Theorem 22, p. 262). O

Suppose that X has a Poisson distribution with mean A, then
Aas
1+ps)’

Goox(s) = exp (— (34)
i.e., 8 © X has a geometric Poisson distribution, also known as Pélya-Aeppli distribution (Johnson
et al. 2005, Section 9.7). The following extension of Theorem 7 in Kella & Lopker (2023) is quite
immediate.

Theorem 7 (Geometric Poisson approximation). Assume that for everyn > 1, X l(n) , Xz(") L xm
are non-negative integer-valued i.i.d., and let S, = 3! Xl.("). Suppose that Xl(") = X, EXI(") —

EX; < oo, naty, — A and B, — kasn — oo. Also let (6)jen = (@), Bj)jen € O as before. Then,
/UE(X)S)
1+«ks

0, © S, = X*, where X* has a geometric Poisson distribution with apgf ©x-(s) = exp (-

Proof. The proof follows from Kella & Lopker (2023) by observing that 8, © S,, isasum of @, 0 S,
independent (of @, o S,) and i.i.d. geometrically distributed random variables with parameter §,,,
where a, o S, is an a,-binomial thinning of §,. It was shown there that, under the conditions
specified, @, o S, converges in distribution to a Poisson distribution with parameter AE X, and
the geometric distribution with parameter 5, obviously converges to a geometric distribution
with parameter «. It follows e.g. from Theorem 4.1.2 in Gnedenko & Korolev (2020) that if

Nn,Yl("),Yz("), ... are independent, N, is non-negative integer valued, Yl("),Yz("), ... are iid.,
N, = N and Yl(") = Y, then Zf\;’i Yi(") = Zf\il Y;, where N,Y1,Y,, ... are independent and
Y; ~Y then S = ¥V vy O

3.3 Special cases of modulating operator

After having established the relation between Mobius transforms and the modulating operator in
Section 3.2, we can now utilize this relation to consider some interesting special cases (cf. p. 95-96
in Aly & Bouzar (2019)).

Example 1. If 8 = 0, then @ € [0, 1], and the Z; have a Bernoulli distribution with P (Z = 1) = a.
In this case, the operator 8 © X is the well-known binomial thinning, usually denoted by @ o X, see
Steutel & van Harn (1979). As a sum of independent Bernoulli random variables, (@ o X|X) ~
Bin(X;a). The thinning operator results in a simple multiplication in the argument of the apgf:

Coox(s) = Ex (as). The associated matrices M, := (g ?) are closed under multiplication,

1
MmMa/z :Mmazv SO a1 O(QZOX) ~ (aqa'g)oX. O
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Example 2. If @« = § > 0, then the Z; have a geometric distribution on Ny with parameter
p = 1/(1 + B). This corresponds to negative-binomial thinning as proposed by Risti¢ et al.
(2009). O

Example 3. For @ = 8+ 1 > 1, the Z; are geometrically distributed on IN with the same p as in
Example 2. Hence, 6§ © X is truly positive unless X = 0. More generally, § © X > X holds a.s.,
which is opposite to the binomial thinning’s property @ o X < X, also see Examples 8 and 9 below.
Furthermore, (33) implies that 6°" = (a", @" — 1), which also covers the case a = 1. O

Example 4. If @ = 24, then necessarily 8 < 1, @ < 2, and

1-B L=

m ,k—O
IP(Z:k): ) 8 k .

m(@) ;k=1,2,3,...

In this case, Z is equidispersed (but non-Poisson), i.e. [£ (Z) = Var (Z) = a, recall (8). Lemma 1(b)
then implies Var (6 © X) = oE (X) + a*Var (X). O

Example 5. In the case @ = 1, where 6 = (1, 8), the associated Mobius transform is parabolic.
Let us call the associated operator parabolic. In this case, the modulating operator conserves

expectations, i.e. £ (6 © X) = [E (X). The family of associated Mobius matrices My = ( }3 (1)) is

closed w.r.t. matrix multiplication. Hence, these matrices as well as the Mobius transforms and 6
parameters of the form (1, 8) result in submonoids. In fact, (1,81) © (1,82) = (1,81 +B2). O

The parabolic operator from Example 5 might be used within the following decomposition.

Proposition 8 (Decomposition). Let (a,B) € ©, and let § € [(a — 1)*, B] be arbitrary. Then,
(a, B) can be decomposed into products from the left and from the right of («, §) with a parabolic
parameter:

(@,p) = (¢,8) 0 (1,-6) = (1,E22) 0 (e, 6) . (35)

Proof. Follows by multiplication of the associated matrices. O
For example, if one takes 6 = 0, then

(@) = (1.5) ©(¢,0) = (. 0) © (1. B), (36)

i.e., the operator with (a, B) is equivalent to successively having a binomial thinning and a parabolic
operator, or first a parabolic operator and then a binomial thinning. The first decomposition in
(36) shares analogies to the thinning operator proposed by Al-Osh & Aly (1992), although their
counting variables are not parabolic.

Furthermore, if @ = 1 (and 6 € [0, 8]), we have commutativity:

(1718) = (1’6) ) (l’ﬁ_ 6) = (17/3_6) ) (1’6) .

4 The geometric INAR-type process

In this section, we consider the well-studied geometric INAR(1) process

Xn+1 =00 Xy + &, (37)
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with (&;)ien, i.1.d., distributed like &, non-negative integer valued, not a.s. zero, and independent
of everything else. We assume that £ (&) < oco. See Andrews & Balakrishna (2023), Aly &
Bouzar (2019) and the literature survey in Section 1. The process can also be seen as a branching
process with immigration (Athreya & Ney (2012), VI.7), where the reproduction distribution is
a T-geometric distribution and the ‘innovations’ & represent additionally arriving members of the
population.

Remark 4. When ¢, = 0 and @ > 1 then by (33) X, L (@, B(@" - 1)/(a - 1)) © Xy and it
follows easily from Theorem 6 that given Xy = n, we have

P (X* = 0|Xo = n) = (1—0‘7_1) , (38)

which resembles the ‘ruin probability’ in a simple random walk with positive drift. Indeed, if
R,=R,-1+B,withB, e {-1,1}and P (B, = 1) = p > 1/2, then R, = R* with R* degenerate
and P (R* =0|Ry =n) = ((1 —p)/p)" (see e.g. Feller (1968), XIV.2). <O

As mentioned in Section 1, there is a vast literature regarding geometric INAR(1)-type models.
But utilizing the relation of ‘©’ to Mdbius transforms, we can complement the existing results by
some new closed-form expression for A-step-ahead properties. To this end, note that

Gx,..(5) = Gx, (fo(5)) Ce(s), (39)

and hence
n—1
Fx, (5) = Gx, (£5"(9)) [ | Ge(£5'(5)), (40)
i=0

where fg(s) = as/(1 + Bs) as before. This is in accordance with well-known results in the
branching process literature, see e.g. Athreya & Ney (2012), p. 263. From there, we also cite the
following limit theorem.

Theorem 9 (Athreya & Ney (2012), Theorem 1, p. 263). If @ < 1, then X, = X" as n — oo,
where

Ox(s) = [ | = (f5 9)). (41)
i=0

In Andrews & Balakrishna (2023), the stationary solution to model (37) was studied in the case,
where the marginal distribution is geometric, namely ©x-(s) = (1 + x s)~! with mean parameter
k > 0. Solving (39) in €. (s), it follows that

1+ (B+ax)s ( ak ) 1 aK 1 42)

Gels) = (1+ Bs)(1 + «s) - _K_,B 1+/<s+/<—ﬁ1+ﬁs’

which is a mixture of two geometric distributions with mean parameters k and S, respectively.
Note that 8 < k(1 — @) is necessary to ensure that this expression for &.(s) constitutes a valid
apgf.

Using Lemma 5, we can now derive some novel closed-form expressions for h-step-ahead
properties of model (37) if we assume a < 1, i.e. the stationary case. Using fy(s) together with
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(33), we get f°i(s) = [% Therefore, see (40), the conditional /-step-ahead apgf equals

B (1 —a)als X ] (1 -a)a's
GxinlXn (8) = |1 = B(1—ah)s+1- a/) !:()Igs(ﬁ(l —al)s+1- a)'

In the special case (42) as considered by Andrews & Balakrishna (2023), this expression further
simplifies (‘telescope product’) to

1—a+pBs+sa"((1-a)k-p) (1 -a)a’s n
(1+«ks) (1—a+pB(1-ah)s) (_ﬁ(l—ah)s+1—a') ’

Dxponl X (8) =

which can be applied for time series forecasting. Note that for 1 — co, we have a” — 0 such that
the apgf @y, ., |x, (5) converges to Ex-(s) = (1 + ks)~!, in agreement with the ergodicity of the
INAR(1) process.

5 A minification process

In this section, we consider a modification of the INAR (1) process (37), where the sum is substituted
by a minimum operation. Hence, the model recursion shall be of the form X, = (6 © X;,) A Uy,
see Section 5.2 for details, which we refer to as a ‘minification process’. The process might also
be described as a ‘gated population process’. This terminology is motivated by the following
interpretation: in analogy to classical branching processes, 8 © X, might be understood as the
number of offsprings generated by the population X,,, which try to pass a gate successively. But
the maximal number of individuals allowed to pass the gate is limited by U,, such that the number
of individuals that actually pass the gate is given by (8 © X,,) A U,,.

5.1 Prerequisites

In this section, we consider the minimum Z AY of a variable Z € BerG (6) with some independent
non-negative integer-valued r.v. Y. We start with a useful lemma.

Lemma 10. Let Z € BerG (a, 8) and Y non-negative integer-valued, independent of Z. Let
f :No > Rbesuchthat Ef(Z), BEf(Y), Ef(ZAY), and Ef(Z +Y) are finite. Then,

Bf(ZAY)=Bf(Z) +E((f(V) - F(Z+Y) - q"), (43)
where we set g = B/(1 + ).
Proof. Let X ~ Geon(p) and let ¢ = 1 — p. Then,
Bf(XAY) =B (f(OTxer) + B (F T xory)
Now, P (X > y) = g” for y € Ny, so
E(f(Nlxer)) =B (f0q").

By the memoryless property, f(X)I x>y} ~ f(X’ +Y)L(x>y), where X,Y, X" are independent
and X’ ~ X. Therefore,

E(f(OIpen) = E(FX +Dlpen) = B(fX +0¢") = B(f(X+1)q") . @4
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This implies that

B (£ ixer)) = B (FOO(1 - Lpy) = BFX) - B (£(X +7)q") .
Therefore,

Ef(XAY) = Ef(X)+E (f(Y)qY) _E (f(X + Y)qY) .

(45)

Now let B ~ Ber(ap) be a Bernoulli random variable such that X, Y, B are independent and set

Z = BX. Then, Z AY = B(X AY), and we obtain

E(f(Z+Y)q") = (1= ap)B(f()g") +apE (F(X +V)q").

Hence, assuming for a moment that £(0) = 0,

Ef(ZAY) =apE(f(X AY) =ap (Ef(X) +E (£(g") -E(f(X +1)q"))

=Ef(2) +apE (f(1)q") ~E (£(Z+V)g") + (1 =ap)E (£(1)q")

=B +B((f(0) - f(Z+Y)q").
If £(0) = C # 0, then by the above,
E(f(ZAY)=C) =E(f(2)-C) +E((f() - /(Z +V))d"),

so that also in this case, (46) holds.

(46)

O

If welet f(x) =1—(1-s)*in Lemma 10, we obtain the following interesting decomposition

formula for the apgf of Z A Y.

Corollary 11. Let Z € BerG (a, 8) and let the non-negative integer-valued r.v. Y be independent

of Z. Then, the apgf of the minimum of Y and Z has the following factorization:

1=z () = (1 -Gy (755)) % (1 - G2(5)).

In particular, if X ~ BerG (a, 8) and Y ~ BerG (y, 8) are independent, then

ay Bo
1+B8+6 1+B8+6)

X ANY ~ BerG

It follows that BerG (-, -) is closed w.r.t. to the minimum operation.
Letting @ = 3, we can reproduce Proposition 1 in Barreto-Souza et al. (2023):

1—a(l-s)Py(:2)

1+a

I+a(l-y)

Pzny(s) =

If we apply Lemma 10 to f(x) = x" (and assume existence of the moments), we obtain

E((ZAY)") =E (2" (1-E(g") - 5 (I)IE (2 B(r'")

i=1

with g = B/(1 + B) as above.

16

47

(48)



5.2 Definition of the process
Let X( be non-negative integer-valued, and define for n > 1
Xn+1 = (00 Xp) AUy, (49)

where 6 = (a, 8) € © and (U, )neNn, is a sequence of i.i.d. BerG (n)-distributed random variables,
n = (y,6). In view of the interpretation of the process sketched in the beginning of Section 5, we
may refer to the U,, as the ‘gate thresholds’. As always, we assume that the modulations associated
with the process are independent of each other. Note that, in a sense, our model is opposite to the
max-INAR(1) model of Scotto et al. (2018).

It follows from (47) that

: s Vs
= G, 5) = (1= Gaox, (52) ) x 7= = (1= %, (¥() ) x 7o,
where
“(%) a(l +8s) @d «
Y(s) = = , My = . 50
(s) 1+ﬁ(%) 1+6+B(1+06s) ¥ (ﬁ5 1+,3+(5) (50
The eigenvalues corresponding to My are
1+ (a+Do+p-VA /1_1+(a+1)5+/3+x/Z 51
- 2 T 2 ’

with discriminant A = (6(a — 1) — 8 — 1)? + 4a85. A zero discriminant would imply either (1)
B=0(soa < 1)and 6(a — 1) = 1, which is not possible, or (2) § = 0 and then -8 — 1 = 0, which
is also impossible. Hence, A > 0.

Iterating (49) yields the finite-time apgf of the process:

T7_7¥(s)
an(S) =1- (1 - ?XO (‘P (S))) X ] m, (52)

where as before, ¥°(s) = s and ¥°(s) = ¥(P° =D (s)).
Applying (48) and (52), also recalling (29), i.e. €9ox(s) = Ex(fo(s)), we obtain

E (Xae1) = E (00 X) A Uy) = E (Uy) (1 - Zoox, (5)) = B (V) (1 %, (L))

1+0+p
A PRAMCION
=0
It follows that for n > 1,
T 7%
E (X)) = (1= 9 (2" 0) ) x | | g (53)
( X ) SEETEI()

Using Lemma 3 and (19), we can express the ¥°"(0), n > 1, in terms of the two eigenvalues of
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My given in (51):
b a

un+Vnd 1+B8+6— A#%'

lIlOn (O) —

Remark 5. Since E (U) =y and P(U =0) = 1 —y/(1 + §), we expect that the process will
behave more and more like the simple process defined by ¥,, = 8 ©Y,,_; as y becomes large and y
and ¢ stay close. Indeed, if y — coand § =y - (1 + 0(1)), then the product

YW (s)
4
1_[ 1+ 6WP°i(s) 54
will tend to one and @, (s) — Zx, (P (s)), thus X,, = Y, (if Yo = Xp). &

Remark 6. There are at least two cases when the product (54) becomes ‘telescoping’ and hence
can be simplified considerably. One case, when @« = 8+ 1 and vy = § + 1, will be discussed in
the next section. In the other case, § = 0, i.e. @ < 1, and hence § ©® X = @ o X is just a binomial
thinning. Indeed, here

_a(l+46s) I 2
v =S () 0,),
and it follows from Theorem 4 (a) (ii) that
oi Pl_pi i .
Y (s)==——+p's, i21,
0l-p

where p = ad/(1 + 6). Consequently,

0 . S 1= i+1 . S .
P +5plS - = (/_)—p +pl+ls) — _\Po(1+l)(s)’
-p pl\lé 1-p P

, 1
1+6‘I‘°’(s):1+p1

and hence

n-1
_YPi(s) i) _(yp\" s
1+5‘P°‘(S) l_l Lol (s) ( s ) pen(s)” )

5.3 Stationarity

Suppose that either v < 1 + § and then P (U, =0) = 1 — % > 0, or @ < 1+ B and then
P (8 © X,, =0) > 0. Then, the first time instance when the process becomes zero, T = inf{n :
X,, = 0}, say, is finite a.s. with a finite mean, and X,, = 0 a.s. for n > 7 (in fact O is absorbing).
Thus, only the case where @« = §+ 1 and y = § + 1 is interesting when it comes to the behavior
of X,, as n — oo. This is the case when both the counting series of the operator ‘©’ and the gate
thresholds U,, have a zero-truncated distribution, namely a geometric distribution on IN.

We additionally assume that P (Xp > 0) = 1, so the process does not already start in zero.

Hence, we assume in this section that
P(Xo>0)=1, a=8+1, y=6+1, (%)

In particular, we have @ > 1 and v > 1. Whether X,, converges in distribution to a limit
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depends on the convergence of (52), which is now

T (8 + D (s)

g =1-(1-9%x, (¥" —. 56
x,(5) = 1= (1= %, ( <s>>)x[0[1+5q,o,(s) (56)

Inserting a = ad, b = @, ¢ = (¢ — 1)6, and d = a + § into Equation (19), we get
a+(a—-1)8s—a(l - s)(ﬁ)n

T P T T

and thus
(1+6)wn(s)  a+(@-Dds—a(l-9)(5%s)"
1+ 6P (s) a+(a—1)55_0/(1_s)(0(1+5))n+1.

Hence, being concerned with a kind of ‘telescope product’, we get

'ﬁ (1+06)¥(s) s(a+ (@ = 1)9)
Ly 1+YI(s) s+ (@ Dos—a(l-5)(s5)"

Since a > 1, it follows that ﬁ < 1, and hence we have ‘Poi(s) — 1. Thus, we obtain in the
limit from (56)
s(a + (@ - 1)) a(l —s)

Gx () =1- a+ (a—1)8s :a/+(a/—1)6s' 7)

We summarize:

Theorem 12. If (%) holds, then X,, converges in distribution to a geometric random variable
X" e Geon(p) and P (X" =1) = m.

Remark 7. We note the following alternative justification for the convergence to a stationary
distribution. The two row sums of the Mobius matrix for P,

ad oz)

MT:((a'—l)(S a+6

l-p p

It is an easy excercise to show by induction that for P = ( g 1-q ), with p,q € [0, 1] and p, g not

both zero one has that

a4 P pr __P
N i RV K

q+p  ptq q+p ptq

| ————
=P
and thus, unless p = g = 1 (the Markov chain is irreducible with period 2) or p = g = 0 (the
Markov chain is reducible with two recurrent states), P" converges geometrically fast to P*°. This
includes the case where either p or ¢ (but not both) is zero (the reducible case where one state is
recurrent and the other transient). Thus, for these cases " (s) — 1. When p = ¢ = 1, P" does
not converge and W (s) alternates between s and 1/s. Finally, when p = g = 0, P" = [ for all
n > 0, so that ¥ (s) = s forall n > 0.
O
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Next, let us consider the A-step-ahead properties of this stationary solution to (49). From (52),
we know that the conditional /-step-ahead apgf equals

=0 (1 (100 )] R

_ (1_( (@ + (@ - 1)5)(1-s) )X)
(@ =151 - 5) + (@ + (@ = 1)8s) (o) ™"
s(a + (@ = 1)0)
a+ (a—-1)ds —a(l —s)(ﬁ)h'

From this expression, we derive the conditional mean E (X,,41|X;) = —?)’( WIX (0) as

X

E (Xn+h|Xn) =

(0+(@-18) [, _ ((a+ (e - 1)6)(a<1+6>)h)x (58)

a(l—(ﬁ)h) a+(a/_1)6(a(1+5))
Hence, the product mean E (X1, X,,) = E (X, E (X,+1|X,)) takes the form
(@ + (e —-1)5)

o (1= (5t85)")

B (XpnXy) = (B (x) - A (x, 4%71)),

where
h
o+ (a- D6) (a7
a+(a- 1)6(a(1+5))h

Now, we can make use of the stationary marginal distribution in (57) with mean [E (X;,) = 1 +
la-1)6 1)6 . For the pgf of some r.v. X, Px(s) = E(s¥) = x(1-s), itholds that P (s) = E(X sX1).
Therefore E(X,, AX»~1) can be computed by taking the first derivative of €x- (1 — s) according to
(57), which leads to

(@+ (- 1)6(a(1+5))h)2

X,-1\ _
E(XnA )_ a(a+ (a—1)9)
and thus
E (X1 Xa) = w (a +(@=1D5+(a-1s (ﬁ)h) :

Hence, lag-h autocovariance and autocorrelation follow as

Cov (Xnans Xn) = & ;1)5(1 L@ ;1)5)(0(1‘1 5))h, (59)
5 h
0 s X) = (277575 (60)

Note that the autocorrelation function (acf) o(h) = o (X,+n, X;) is exponentially decreasing like
for an ordinary AR(1) process, although the process (49) is highly nonlinear. The acf can only
take non-negative values, where the largest values are achieved for @ — 1. This boundary case
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corresponds to the ‘random-walk like’ recursion X, = X,, A U, (see also Example 6 below).

6 Connection to linear birth-and-death processes

A continuous-time non-homogeneous linear birth-and-death process, see Tavaré (2018) for a
recent survey, is a time-homogeneous Markov process (¥;);¢[0,) With values in Ny and transition
probabilities depending on the rate functions rq(¢) > 0 and r,(¢) > 0 as follows:

PY;=n+1|Yg=n)=ri(t)n+o(1),

PY; =n-1|Yg=n) =ry(t)n + o(1),

P, =nlYo=n)=1-(r1(t) +ry(t))n+ o(z),

ast — 0, i.e. there are a.s. only jumps of absolute size one, and the jump intensities are proportional
to the current state. The apgf of ¥, is given by (see Kendall (1948))

B a(t)s \"
Gy, 1Yp=n($) = (1 - m) , (61)

where
a(t) =e D, B =€‘p(”/ozep(s)r1(S)ds, p(1) =/Ot(rz(S)—r1(S))dS-

Here, p(t) is known as the Malthusian parameter. Note that Kendall (1948) uses a slightly different
parametrization: & =1 — % and n; = 15,1(;()0'
(61) implies that Y; is a stochastic process with

Y, 2 (a(n),B(1) ©Y,. (62)

From Lemma 1, we easily obtain the well-known formulas
E(Y;) = a(t) - E (Yo),
Var (Y,) = I (Yo) (a/(t) (1+28(1)) - a/(t)2) + a(t)?Var (Yp) .

Example 6. Relation (62) shows that the considered linear birth-and-death process is related to
the INAR-type process (37) with g, = 0 from Section 4, i.e. when

Xp=00X,-1. (63)
It follows from (33) that the distribution of X,, is given by

X, 4 (" pEhHoXy :a#l,
(1,nB) © Xo ;a = 1.

(64)

The homogeneous case of our birth and death process, r () = ry, r2(t) = ry, constitutes a kind
of time-continuous version of that process. This also becomes clear when comparing (64) to the
resulting expressions for a(t), B(¢):

_ 1 ry =rp, | nt ry =rp,
a(t) = { o(ri=r)t p—— B(t) = { T (1 _ e(rl—rg)t) r £ . O

n-r
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Figure 1: Simulated sample path of process (65), where U; is shown in gray, and Y; in blue.

Example 7. In the case where r () = r,(¢), we obtain p(¢) = 0 and thus a(¢) = 1, and

t
Y, £ (1/ rl(s)ds)G)Yo.
0

This corresponds to the parabolic case. O

Example 8. IfY; is a pure death process, then r (¢) = 0 and hence 8(¢) = 0. So Y; is ‘continuously
thinned’, ¥, < a(t) oYy, recall Example 1. O

Example 9. If ¥; is a pure birth process (‘non-homogeneous Yule process’, see Belzunce et al.
(2001)), then r,(r) = 0 and

t
B(1) = e~k nas / el iy () ds = 7 MO S (k@D _ 1) = 1~ a ().
0

Hence, the pure birth case corresponds to the case a(f) = 1 + B(¢) from Example 3. |

Finally, there is also a relation to Section 5. For 0 < ¢ < 1, let ¥; be a (left-continuous) birth-
and-death process with parameter 6(¢) = (a(t),8(¢)) as defined above, and let U; be a second
independent (left-continuous) birth-and-death process with parameter r(¢) = (y(t),6(¢)). Then,
letY; =Y, AU,-. Fort € [1,2), let Y; and U, continue as before. Continue this construction by
letting Y = Yix— A Ug— at the ‘intervention times’ k € IN. Then,

Yir1 = (0(1) © Yi) A Uy, (65)

so the embedded discrete time process (Y )keN, is @ minification process according to Section 5.2,
and we can apply results from Section 5 to it.

An illustrative example is shown in Figure 1, where the process U; is plotted in gray (with
Uy = 4), and the process Y; inred. Attime ¢ = 6, the process Y; jumps down to the value of Ug = 0
and then stays in the absorbing state zero.
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7 MA-type models using modulating operator

7.1 An INMA(1)-type process

The modulating operator can also be used for constructing INMA-type models, where stationarity
does not require for additional parameter constraints. If defining a first-order INMA model by

X, =00¢c,_1+e&n, (66)

then the classical INMA (1) model of Al-Osh & Alzaid (1988) using binomial thinning is covered
as the special case 8 = (a, 0). For the general setup in (66), the stationary marginal distribution of
(X,) is computed by using the independence of the innovations as well as (29):

Gx(5) = G:(5) Ggoe(s) = Ge(5) G (fo(s)) . (67)

As an example, if the innovations are i.i.d. T-geometric as well, say &, ~ BerG (y, 6), then

Ix(s) = (1 B 1Is6s)(1 _%)’

also recall (31). Regarding the serial dependence structure, it is obvious that X,, and X,,_;, are
independent if 42 > 2. Hence, it suffices to study the joint distribution of (X,,, X,,—1), the joint apgf
of which can be split as follows (using the independence of the innovations):

gX”,Xn_l (S, Z) =E ((1 _ S)(')Oan,ﬁgn(l _ [’)008"*2'*"9;1—1)
= Ge(5) oo (N B ((1-9)7°°(1 —t)e).

So compared to (67), the last term requires further attention. Note that [ ((1 — s)9®8|8) =
Z7(5)% = (1 = fo(s))%. So by the law of total expectation, conditioning on &, we get

E((1-97°°(1=0%) = E((1=0°(1 = fo()*) = Fe (r+ (1= 1) fo(s))).
and we end up with the joint apgf
X X1 (8,1) = Go(5) Gpoe (1) e (1 + (1 = 1) fo(5))) .
As there is only little literature on INMA-type models, we recommend a more detailed study of
model (66) and its special cases for future research, see Section 8 for details.

7.2 A variant of the minification process

In analogy to the process in Section 7.1, one could also consider an MA(1)-type version of the
minification process, defined via

X = (00 Up_y) A Up,. (68)

An obvious advantage compared to the AR(1)-like model (49) is given by the fact that zeros
do not constitute absorbing states anymore. The stationary marginal distribution of (X},) can be
immediately concluded from Corollary 11. As 6 ® U,_; ~ BerG (ya, 8 + da) according to (31),

23



and also independent of U,,, we have

(69)

2
X, ~ BerG ( ay 0(B + a9) ) .

l+B+6+ad’ 1+B+6+ad

Regarding serial properties, again the joint distribution of (X,,, X,,—_1) is relevant, expressed in
terms of its apgf, which can be computed via conditioning on U,,_:

Gxyx,01(5:1) = BB (1= 5) PV-00n (U, ) B((1 =) 02Uty ) |.

Here, the first factor (6 ® U,-1) A U,|U,- is the minimum of the conditionally independent
rv. U, ~ BerG (y,9) and 6 © U,_1|U,-1 with Gyop,_,ju,_,(s) = (1 - %)U”-l, so its apgf
can be computed via Corollary 11. Similarly, the second factor (6 © U,-2) A U,—1|Up—1 is the
minimum of the r.v. § @ U,,_» ~ BerG (ya, 8 + da) and the conditionally constant U,,_|U,,—; with

Cu, iU, (1) = (1 =1)Un-1_ 50 its apgf can again be computed via Corollary 11.

8 Conclusions

In this article, we considered a modulating operator based on a T-geometric counting series,
covering various well-known special cases. We showed that the modulating operator can be
related to the Mobius transform such that the successive application of modulating operators
corresponds to the multiplication of respective Mdbius matrices. We derived novel closed-form
results on the n-fold application of modulating operators and Mobius transforms, respectively,
as well as corresponding limiting results. Our modulating operator was first used to construct
geometric INAR-type processes, where we were able to derive novel results on /-step-ahead and
limiting distributions. Also a corresponding INMA-version was briefly investigated. Secondly, we
proposed a minification process, which is a kind of INAR process based on a minimum operation
rather than a sum. This process is generally non-stationary with absorbing state zero, but has
a stationary solution if counting series and gate thresholds are (zero-truncated) geometric on IN.
Again, we derived closed-form expressions for various stochastic properties and briefly considered
an INMA-version of the process. Finally, we focused on the linear birth-and-death process (also
with additional interventions), which is a continuous-time process that can again be expressed by
using our modulating operator. We showed several connections of this process to the INAR-type
processes discussed before.

There are various directions for future research. As INMA-type models have been widely
neglected in the literature, we recommend to further investigate both the classical INMA (1) model
X, =00 ¢&,_1 + ¢, from Section 7.1 as well as X,, = (8 © U,,_1) A U, from Section 7.2 in more
detail. In particular, closed-form moment expressions (marginal, conditional, and serial) appear
to be relevant for a deeper understanding of these processes, which, in turn, can be derived from
the apgfs presented above. But also higher-order autoregressive processes in analogy to Du & Li
(1991), such as X,, = (Zzl'):O 0; ® X,—;) A Uy, or a max-version of the minification process, i.e.
a generalization of the max-INAR(1) process considered by Scotto et al. (2018), deserve further
attention in future research.
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