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Abstract

In this paper we consider two models of queues in series with the special feature
that they are fed by a finite pool of customers. For the case of infinite-server queues
in series and various types of arrival processes which abort after a finite number of
arrivals or after a finite time, we obtain the transient joint distribution of the numbers
of customers at all queues. For the case of a -/G/1 queue in series with a -/M /1 queue
we provide a recursive procedure to derive the transient joint queue-length distribution
in the following setting: There is a finite number of arrivals, and the interarrival times
are exponentially distributed with a rate that depends on the number of arrivals still
due.
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1 Introduction

In queueing theory, there has traditionally been a strong focus on steady-state models,
typically with Poisson or renewal input processes. In recent years, however, there has been
growing interest in transient queueing behavior and in models with a finite customer input
pool. The present paper, which may be viewed as a follow-up to [6], fits within this broader
development. In [9], the belief was expressed that the -/G/1 queue with a pool of m < oo
customers, each having independent and identically distributed arrival times, would not be
amenable to exact analysis. This claim was refuted in [6], albeit through an algorithmic
approach based on Laplace transforms. In the present paper, we seek to investigate the
extent to which networks of queues with a finite customer pool allow for an exact analysis.
Specifically, we consider both a -/G/1 queue in series with a -/M/1 queue and a tandem
configuration of infinite-server stations.

For the case of infinite-server stations in series, we show that the joint queue-length
distribution in the successive queues at any time t can be derived for a wide range of finite
input processes and for general service-time distributions at the stations. This is feasible
because individual customers do not interfere with one another at any of the queues. For the
case of two single-server queues in series, driven by a particular finite-source input process
and with general (resp. exponential) service-time distributions in @1 (resp. @2), we extend
the recursive approach of [6] to obtain the joint queue-length distribution at an exponentially
distributed epoch. Through numerical Laplace transform inversion (cf. [1, 10]), this yields
the transient joint queue-length distribution at any time t.

Next to our desire to investigate the extent to which a transient analysis of queueing
systems with finite-source input is feasible, we were also motivated by the observation that,
in many real-life settings, the assumption of an infinite stream of arrivals is unrealistic. In
a wide range of service environments, such as banks, airports, retail shops, and medical
facilities, it is often more natural to model the arrival times themselves, rather than the
interarrival times, as independent and identically distributed (i.i.d.) random variables drawn
from a finite customer pool. These examples illustrate situations in which customers decide
independently when to show up, typically within a specific time window.

We refer to [7] for a comprehensive survey of finite-source queueing models, with par-
ticular emphasis on the strategic timing of arrivals. Some early contributions in this area
include [2, 3, 9], which predominantly focus on scaling limits in the diffusion regime. In
[11], an exact analysis is given for the workload at an exponentially distributed epoch in a
single-server queue with i.i.d. arrival times; the paper also investigates several extensions,
such as the presence of an additional Poisson arrival stream and the possibility of balking
behavior. Hayashi et al. [8] establish an explicit relation between the transient queue-length
distribution in queues with i.i.d. arrival times and the time-dependent joint distribution of
the numbers of arrivals and departures in an auxiliary model driven by a non-homogeneous
Poisson process. We also mention [12], which studies the ruin probability in an insurance
risk model — conceptually dual to a single-server queue — with two types of clients: ‘small’
customers (arriving in the usual manner) and ‘major’ customers, the latter forming a finite
pool. Each major customer submits exactly one claim and subsequently leaves the system.

The remainder of the paper is organized as follows. Sections 2 and 3 are devoted to
infinite-server stations in series. In Section 2 customers arrive in the first station according
to a Poisson process that stops as soon as m customers have arrived. We determine the joint
distribution of the numbers of customers in all r stations in series, for any time ¢ > 0. In
Section 3 we again assume that there are only m arrivals at the first station, but this time
the arrival times of these customers are i.i.d., and not the interarrival times. In Section 4



we consider the case of Poisson arrivals until some (fixed or random) time 7". In each case,
we again determine the joint queue-length distribution at any time ¢ > 0. We exploit the
fact that individual customers do not interfere with each other, while sums of independent
Poisson processes again constitute a Poisson process. These were also essential elements in
related papers about networks of infinite-server queues, like [5, 13]. In Section 5 we focus
on the case of two single-server queues in series, with exponentially distributed service times
in the second queue. At t = 0 there are already some customers in both queues, and m
customers are yet to arrive in the first queue. Under the assumption that, if n customers are
yet to arrive, then the next interarrival time is exponentially distributed with mean 1/,
n =1,...,m, we determine the probability generating function of the joint distribution of
the numbers of customers in both queues, via a recursive procedure. An algorithm for this
procedure is also presented.

Finally some notation: PGF denotes probability generating function and LST denotes
Laplace-Stieltjes transform; N and N denote the sets of, respectively, positive and nonneg-
ative integers; Exp(¢) denotes the exponential distribution with mean (~!.

2 Infinite-server tandem queues with m Poisson ar-
rivals

Let N = {N(t)|t > 0} be a Poisson process with rate A. Let T,, := inf{t|N(t) = n}
for n € N be the associated jump times and denote Ty := 0. We fix the number of arrivals
m € N. In this section we assume that the time of the last arrival is T},,, such that the arrival
process is N, (t) := N(t) A m. In Subsection 2.1 we study a single infinite-server station in
isolation, thus laying the groundwork that quickly allows us to generalize to an arbitrary
number of infinite-server stations in series (Subsection 2.2), culminating in Theorem 2.

2.1 A single queue

Consider the -/G /0o queue with arrival process N,,(t) and i.i.d. service times independent
of N, having some distribution F. Moreover, we assume that at time zero the number of
customers in the system is zero. Denote by L(t) the number of customers in the system at
time t.

For 1 <k < m — 1 we have that N,,(t) = k if and only if N(¢) = k and it is well known
[14] that the conditional distribution of L(t) given that N(t) = k is Bin(k, p(t)), where, with
F(t):=1-F(t),

p(t) == —/0 F(s)ds. (1)

Let us now consider the conditional distribution of L(t) given that N,,(¢) = m, that
is, given that N(t) > m. The conditional distribution of L(t) given that N(t) = m is
Bin(m, p(t)), so it remains to consider the conditional distribution of L(t) given that N(t) >
m + 1, or equivalently, given that 7),,; < t. First we need to understand what is the
conditional joint distribution of 11, ...,T,,.+1 given that T}, <t. Denoting X; =T; —T;_1,
we can find the conditional density of 71, ..., T,,+1 given that T, < t: for 0 =15 < t; <
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This means that this is the distribution where (i) we first pick a random variable having
the conditional distribution of T,,.; given that T,,.1 < t, and (ii) then the conditional
distribution of the remaining variables given T, is equal to t,,41 € (0,t) is that of the
order statistics of m i.i.d. Uniform(0,¢,,,) distributed random variables.

In order to compute the conditional distribution of L(t) given that T,.; < t, we first
sample a value s from the distribution with density fr,,.,/7,.,,<:(-). Then, the number
of customers out of the first m that are still in the system at time ¢ has the conditional
distribution Bin(m, pi(t,,)) where, for 0 < s < ¢,

p(s) = 1/Osﬁ(t ) du = 1/;1%) du, @)

s
so that, recalling (1), p;(t) = p(t). Therefore we have that

m

P2 =180 2 m+ 1) = [ ()= p)™ () ds. O
We now note that
Aspa(s) = /t : AF(u) du,
As(1 = pu(s)) = /t: AF(u) du, (6)
As = /t j AP (u) du + /t j AF(u) du.

Therefore, with P,(p) := e #£ for n > 0 and p > 0 (and the bottom equation in (6)),
straightforward manipulations imply that

P(L(t) = €, N(t) > m+1) = A /0 ‘B ( /: A (u) du) P, ( /tj (1) du) ds.  (7)

For 0 < k < m it is well known (and follows directly from the lines above (1)) that for
0<(<k,

P(L(t) =, N(t) = k) = P, ( / t AF(u) du) Py ( / t AF(u) du) , (8)

0 0

and therefore, summing for ¢ < k < m, gives the following result.
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Theorem 1. The queue-length distribution in the initially empty -/G /oo queue with arrival
process Ny, (t) is given by: For 0 < { < m,

P(L(t) = () = P, (/ du) ZP (/ du>
T\ /O ‘B < /ti A (u) du) Py < /ti AP (1) du> ds. ()

As a sanity check, we consider the limiting behavior as the number of customers tends
to infinity. It is directly verified that, when m — oo, the right-hand side of (9) becomes
Pg( fot VA du), which agrees with what is expected in the infinite-customer setting.

It is worthwhile observing that it also obviously holds that

P20 = 0 = B( " ot (Thss AL = (T A )0 (10

and finally we note that, since A [ f(s)ds = E o4 f(s)dN(s) = ES N £(T,), we also

have that
A /O ‘A ( /tts AF (u) du) Py ( /tts AF (u) du) ds
:A/Otpg (/OSAF(t—u)du) Py (/OSAF(t—u)du> ds (11)

_EZPE (/ A ( t—u)du) o (/OT"AF(t—u)du> ,

where an empty sum is defined to be zero.

2.2 Queues in series

Once we understand how to treat the single-queue case, the case of two (or more) queues in
series can be analyzed in an analogous manner. The only additional observation needed is
the following. Let X and Y be (not necessarily independent) random variables distributed
as the service times at queues (J; and ()9, respectively. Then a customer arriving at time
u € (0,t) will at time ¢ be in Q; with probability Fx(t — u), in Q, with probability Fx(t —
u) — Fxyy(t—u), and in neither queue (i.e., having already departed from the network) with
probability Fx.y(t —u). Repeating the same arguments as in the single-queue case leads to
the following conclusion, where L;(t) and Ly(t) denote the numbers of customers in ¢); and
()2 at time t, respectively, for £1, 0y > 0 with ¢; + {5 < m:

P(Ly(t) = €1, La(t) = £s) (12)

_p, ( /O \Fx(u) du) P, < /0 OFy (1) — AFxay (1)) du)

m—~1—Lo

X Z ( / /\Fx+y(u)du)

4 /0 ‘A, ( /t j My (u) du) P ( /t ;(AFX(U) APy (u)) du)

t
X Pm,gl,g2 (/ )\FXer(u) du> ds.
t—s
D



The generalization to any number r > 3 of stations in series is straightforward. Namely, if

S; is the sum of the services times at queues Q1, ..., Q; then a customer that arrives at time
u will be in Q4,...,Q,, and not in any queue, with probabilities
Fsl(t — u), Fsl(t — U) — FSQ(t — u), ey FST_l(t — u) — Fsr(t — u), FST(t — u) s (13)

respectively, and therefore P(Li(t) = ¢y,...,L.(t) = ¢,) is the following straightforward
adaptation of (12).

Theorem 2. For the model with r infinite-server stations in series, intially empty and with

arrival process Ny, (t), the joint distribution of the numbers of customers Ly(t),..., L.(t) in
Q1,...,Qy at time t is given by: for ly,..., 0, >0, > ; <m,
, . m-S 4 .
(H P, ( / (\Fs, ,(u) — \Fs, (u)) du)) > p ( / AFs, (u) du) (14)
J=1 0 i=0 0

1A /0 t (1_[1 P, ( /t ts()\FSj_l(u) ~ AFs, (1)) du)) Puso o, ( /t : AFs, () du> ds.

3 Infinite-server tandem queues with m i.i.d. arrival
times

In this section we again study r infinite-server stations in series. This time we assume that
there will be m arrivals, and that their arrival times (not their interarrival times!) are i.i.d.
In Subsection 3.2 we obtain the joint queue length distribution at some time ¢. This result
builds upon the analysis in Subsection 3.1, where we consider the same queues in series,
but without m future arrivals and with m customers who are initially present in the tandem
queue.

3.1 The case of m initial customers and no future arrivals

Here we consider r € N infinite-server stations in series, where there are no arrivals and
m € N customers initially present. Each customer has service demands from the various
stations and, as before, we denote by .5; the sum of these service requirements from the first ¢
stations (1 < i <r) and Sy = 0. The sequences of service requirements for the m customers
are i.i.d. random vectors. However, we do not require the service times of a given customer
at successive stations to be independent.

The vector of parameters can be written as Ap(t), where the (r + 1)-dimensional vector
p(t) is given by

p(t) = (pl(t)w"?pr(t)vl_Zpi(t>> ) (15)
where, with Fy(t) =1 for t > 0, :

pi(t) = FSi—l(t)_FSi(t)7 i=1...,7, (16)

noting that 1 — >, p;(t) = Fg,(t) is the probability that a customer has left the network.
If we denote by Ly(t),..., L.(t) the number of customers in @1, ...,Q, at time ¢, then it is
clear that, with MN denoting the multinomial distribution,

(m), s Lnft)m =3 Li<t>> ~ MN (m; p(t)) . (17)
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Remark 1. We also note that if instead of m we assume that the initial number of customers
M is Poisson(A) distributed and independent of everything else, then

Ll(t),...,Lr(t),M—iLi(t) (18)

are independent random variables. Moreover, L;(t) is Poisson distributed with parame-
ter Ap;(t) for ¢ = 1,...,r, while M — 37" | L;(t) is Poisson distributed with parameter
)\(1 —> Pz‘(t))¢ In fact, it is standard to show that in this case the departure process
Di(t) == M — 7%, L;j(t) from @Q; is nonhomogeneous Poisson with cumulative departure
measure A;(t) := A\F,(t) and that {D;(s)|0 < s < t}, Ly(t),..., L;(t) are independent. In
particular this also holds for ¢ = r, where D,(-) is the departure process from the network.
Clearly, for 1 <i <r — 1, D;(t) is the arrival process to (1. O

3.2 The case of m i.i.d. arrivals and no initial customers

We now aim to exploit the result of the previous subsection to analyze the case in which
all r infinite-server stations are initially empty, while m customers are yet to arrive; their
arrival times (not inter-arrival times!) are i.i.d. A generic arrival time is denoted by A, with
distribution A(-). For each of m customers, consider the (r 4 1)-dimensional random vector

{time until arrival, service time at station @1, ..., service time at station @, }.

These m random vectors are independent, while the entries of each of the vectors can be
dependent. If we denote by Lg(f) the number of customers who have yet to arrive and,

as before, by Lq(t),...,L.(t) the numbers of customers at the various stations, then all
arguments from the previous subsection may be repeated verbatim for
LO(t)a--‘aLr(t)7 (19)

by interpreting index zero as an additional station in which the arrival time is identified with
a zeroth service time. In particular, the arrival process to Q1 is Dy(t) = m — Lo(t). Hence
we have found the following result.

Theorem 3. For the model with r infinite-server stations in series, initially all empty and
with m customers yet to arrive at QQq, the joint distribution of the numbers of customers
Lo(t) yet to arrive and Ly(t), ..., L.(t) in Q1,...,Q, at time t is given by a multinomial
distribution:

(Lo(w, Ly(t),..., Lo(t),m — ZLN)) ~ MN (m; p(t)) , (20)
i=0

where po(t) == 1— A(t) and where p(t) is given by (15) and (16) with now S_; :=0, Sy := A

and S; is the sum of A and the service times in QQq,...,Q;, 1=1,...,71.

We finally note that Remark 1 applies here in the precise same manner as in Subsec-
tion 3.1.

4 Infinite-server tandem queues with Poisson arrivals
only until time T € (0, 00)
We now assume that the system is initially empty, and that customers arrive at ()1 according

to a Poisson process with rate A until some fixed time T', whereafter there are no more arrivals.
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If arrivals occur according to a non-homogeneous Poisson process N(+) with a (sufficiently
regular, i.e., Borel-measurable) rate function A(-), then, conditioned on N (¢) = n, the arrival
epochs up to time t (before ordering) are i.i.d. random variables with density

Az)
fot A(s)ds

Therefore, the conditional distribution of Ly (t),. .., L,(t),n—>._, L;(t) is multinomial with
probabilities py(t),...,p.(t),1 — > ;_, pi(t) where we now define, for i =1,...,r,

Lo (). (21)

fot A(S)(Fsi—l(t - 3) - FSi(t - 5)) ds .
fot A(s)ds

As a consequence, Li(t),...,L.(t) and N(t) — >_._, L;(t) are independent Poisson random
variables. The parameters of Ly(t),..., L,(t) are

pi(t) = (22)

/OtA(s)(Fsi_l(t L) - Fe(t—s)ds, 1<i<r (23)

while the parameter of N(t) — S>7_, Li(t) is f; ( s) ds.
In the current case, we have that )\( ) = )\1 O,T] (t) Therefore, the parameters for i =
1,...,r become

/\/0 (Fs, ,(t —s)— Fg,(t —s))ds = [mi(t) — k(T — t)] - [mi_l(t) — ki1 (T — t)} , (24)

where

1 t
ES;
and we observe that Ff(t —T) = 0 for t <T. We summarize our findings in the following
theorem.

ri(t) = pi 5 (1), F(t) = (1= Fs;(s))ds, p;j:=ARES;, (25)

Theorem 4. For the model with r infinite-server stations in series, initially empty and with
Pois(\) arrivals at Q1 up to a fized time T, the numbers of customers Ly(t),..., L.(t) in
Q1,-..,Q, and the number of departures from Q). at time t are independent Poisson random
variables. The parameters of Li(t), ..., L.(t) are given by (24), while the parameter for the
number of departures from @, at time t is A(1 =Y ;_ p;i(t)) = A (1 — [k (t) — &, (t = T)]).

Remark 2. When we assume that 7' is random, we replace F¢(t —T') by EFf(t —T), or
equivalently by P(S§ + T > t) where S§ ~ F¥ and T are independent. One simple (random)
case is where T' ~ Exp(u), in which case the total number of arrivals has a geometric

distribution with probability of success - + . In this particular case we also have that

)+

EFf(t—T)=P(T >t—5) =Ee #% (26)

for t > 0. O

Remark 3. We close these three sections on infinite-server stations in series by observing the
following. Because individual customers do not interfere with each other, we can combine
the results from Theorems 2, 3 and 4 in a straightforward manner, allowing one class of
customers with arrival process N,,, (t), another with my i.i.d. arrival times, and a third one
with Poisson arrivals until time 7. O



5 Single-server queues in series

In this section, we consider another tandem queueing system with a finite-source input: a
-/G /1 queue in series with a -/M/1 queue, where some customers are already present at time
zero and a finite number m of customers are still due to arrive. Our goal is to obtain the
joint queue-length distribution at an independent random time that is Exp(~y) distributed.
This distribution, after division by v, can be interpreted as the Laplace transform of the
joint queue-length distribution at a fixed time ¢. Accordingly, one can apply numerical
inversion of the Laplace transform (see, e.g., [10]) to recover the joint transient queue-length
distribution.

In Subsection 5.1 we provide a detailed model description; in Subsection 5.2 we derive a
finite recursive set of equations whose solution yields the probability generating function of
the joint queue-length distribution at an Exp(y) time; and in Subsection 5.3 we present an
algorithm implementing this recursive procedure.

Remark 4. It should be mentioned that Blanc et al. [4] have provided an exact steady-
state analysis of the same tandem queue, but with a Poisson arrival process, i.e., the M/G/1
queue in series with a -/M/1 queue. That analysis is mathematically quite involved; they
determine the PGF of the joint steady-state queue-length distribution by solving a Fredholm
integral equation of the second kind. Our transient analysis is simpler, as we consider only
a finite number of arrivals and employ a recursive approach. O

5.1 Model description

Consider a queueing system consisting of two FCF'S single-server queues )1 and (), in series.
Customers who have received service in () instantaneously move to (Jo; customers who have
received service in (), leave the system. Service times Bjq, Bio,... in () are ii.d., with
a general distribution Bj(-); a generic service time at (7 is denoted by Bj. Service times
By1,Bsp, ... in @2 are i.i.d. Exp(f) distributed; a generic service time in ()5 is denoted by
By. At time t = 0 there are already (ky, k2) € (Ng,Ng) customers present in (@1, Q2), but
their services have not yet started (this should at least hold for @;). In addition, m € Ny
customers are still to arrive at ;. The random variable T,, ~ Exp(\,,) is the time until
the first arrival, T, 1 ~ Exp(\,,_1) is the time between the first and second arrival, etc. All
service times in both queues are independent of each other and of the interarrival times. We
denote Yy :=0,Y; =37 T, forany j € {1,...,m},sothat Y, =Y, =T, + ... + T,_;i1s
for 1 <¢<n,and Gy :=0, G, := 5:13272- for any j € {1,..., ko +m}.

Let (Ly(t), La(t)) denote the numbers of customers in (Qq,Q2) at time ¢ > 0. Let
T ~ Exp(7y), independently of everything else. Finally, let Ej, x,.m[-] denote expectation
when starting from (kq, k2) customers and m customers are yet to arrive according to the
above-described mechanism (and similarly for Py, g, m(:)). Our goal is to determine the
two-dimensional PGF, with z = (21, 29),

L1(T) 252(T)}

Nkl,kg,m(z) = Ekl,kg,m [21 , 21 € (0, 1], 29 € (O, 1], (27)

of the numbers of customers in (Q1,Q2) at T.

5.2 A recursive procedure

In this subsection in Step 1 we first focus on i, 4, 0(2) terms, viz., there are no more arrivals.
In Step 2 we consider pg s, (2): @1 is empty, but there are still n arrivals due. Finally, in
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Step 3 we determine a recursive relationship between (i, 4, ,(2) and terms fig, +i—1.0,—jn—i(2).
We shall show that a combination of these three steps yields all p, s, ,(2). In both Step
1 and Step 3 we consider the queue lengths of the tandem queue immediately after two
successive departures from Q1. For an M/G/1 queue in isolation this is a classical approach,
exploiting Markovian properties of the embedded queue-length process. In our tandem case,
we also have such Markovian properties for the vector queue-length process, because the
service times in ()o are memoryless.

Step 1. We first determine pg 4, 0(2): There are no more arrivals, and @) is already empty.
Therefore, the number of customers present in Q)2 at time 7T is distributed like (b2 — N,)T
where IV, + 1 is geometrically distributed with parameter p := . This implies that, using
that IP’(N >fly) = (1—p), for 2o #1 —

EZ 1 fg_(l

12
(b3—N,) z
o,es0(2) = E2’22 2 E Z 1 ) p—i—(l p)b = pzg 2

—p)

_ (1_p) +(1_p> 27 (28)

whereas for zo =1 —p

po.e.0(2) = (1= p)=(Lp +1). (29)
Next we turn to the case in which () is not empty. Distinguishing between 7" > B; and
T < B and noting that, with A,(:) a Poisson process with rate o independent of T', By, we
have

pi(a) == P(Au(By) = j) = Ee B @B _ (oY & g e,

J! gl dad ~—~—"’
po(e)
: ol v
() =P(A(T)=j) = ——F——. 30
QJ(a) ( ( ) j) (a+7)3+1 ( )
As a consequence, we find
: a aBy)’ a
P(Aa(B1) =4, T > By) = Ee o j,l) = (0‘+’Y> pila+7),

P(AL(T) =4, T > t) = e "P(A(T) = j|IT > t) = e "P(A(t + T) = j)

= e P(A(t) = I)P(Au(T) = j — i)

P(Aaty(t) = )gj-i(e), (31)




Hence we have for ¢, =1,...,ky, with P(T'> By) =1 —-P(T < By) = po(7),

-1
[ey,2,0( Z fer—1,65+1-5,0(2)P(Ag(B1) = j, T > By) + (32)

lo—1
fey—11.0(2) (]P’(T > By) — ZIP’(A[;(Bl) =57 > Bl)> +

Zfl <2Z: ]P)(Ag(T) = j,T < 31)252*j + ]P(T < Bl) — QZ: ]P)(AB(T) = ]’T < Bl)) .

Remark 5. Alternatively, we can rewrite (32) as

lo—1

fhey 02,0(Z Z [t —1,004+1—5,0(2) / e e~ wj) dP(B; < t) +
t=0
fhe,—1.1.0( / e Z e*ﬂt Y ap (B; <t)+ (33)
Jj=t2
lo—1 : lo—1
9] £)d ‘ "
Zfl / rye_'\ft IED(BI > t) Z e_ﬂt (6') 252_] + 1 _ Z —,Bt (/B |> dt,
t=0 =0 J: =0 gt
by working out the above probabilities. O

Notice that (28)-(29) gives us all terms pg ¢, 0(2), whereafter (32) (or, alternatively (33))
enables us to express all 111 ¢, 0(2) into those terms, and subsequently all 14, 4, 0(2) into terms
,U/gl_l,.’()(Z) for 61 = 27 e kl.

Step 2. Now consider i, ,(2): @1 is empty, but there are still n arrivals due. Distinguish
between the two scenarios that interarrival time 7), is smaller than (the remaining time of)
the Exp(y) timer T (which has probability 22—), and that it is larger:

An+y
la—1
B )J An 7
Hotzn(2 /\ - Z””? -in1(2 (6+>\ ) Bt

An B )42

n— - ~ +
P 1<z)<B+An+v
5 5 ) i )
An B+ B+d+y B+ +7

lo—1

15} J
Fa) * 2

. 5 0o 5 0o
(6+Anf27>zz—ﬁ[zg _<6+An+v) }+)\n1’7<5+/\n+7) '

Here the first (resp. second) of the three terms in the righthand sides corresponds to T,, < T
and ()2 does not (resp. does) empty completely before the end of T, and the third term
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corresponds to T;, > T. We have been using the memoryless property in all these calculations;

e.g., ( 5T fn - )% is the probability that all £5 customers in Q5 are served before T,, or T expires.

Step 3. In order to establish a recursion for ju, 4, »(2), we again distinguish between the two
scenarios T' > B; and T < By. In the T' > B; scenario, there is a transition from some state
(01,05,n) to state ({1 +1i — 1,05+ 1 — j,n — i) between two successive service completions,
corresponding to ¢ new arrivals in ¢); and j service completions in ()5 during By; of course,
¢ = n and also j = {5 require special attention. In the T < B; scenario, there is a transition
from some state (¢1,02,n) to state (¢1 + ¢,¢, — j,n — i), corresponding to ¢ new arrivals in
(21 and j service completions in () during 7T'; again, ¢ = n and also j = {5 require special
attention. We have, for any ¢; € {1,...,ki}, o €{0,...,k}, n€{0,...,m}:

n

f —+1 fg ]
fhey 3 ( E E [y i1 61— i (Z)Un ity j + § oz E Unyifa.j s (35)
7=0

=0 7=0

the first double sum corresponding to the scenario T' > Bj and the second to the scenario T' <
By. The probabilities w, ¢, ; and v, ;, ; are specified below. Recalling from Subsection 5.1
the definitions of Y; (sums of interarrival times) and of G; (sums of service times in ()2), we
can write:

Unipj =P >DB1,Y, - Y, <B <Y, —-Y,i1,G; < B <Gji1), (36)
Unitg; =P <BY, =Y, <T<Y,—-Y,,1,G; <T <Gj), (37)

for o =0,... ks, n=1,....m, i=0,...,n—1, j=0,...,lo—1. The cases i = n and/or
j = l5 can be dealt with similarly: for ¢ = n replace the condition Y,,—Y,, ; < ... <Y,—Y,_;, 4
by Y,, < ... and for j = {3 replace the condition G; < ... < G411 by Gy, <
One can write the expressions (36) and (37) as follows:
Un by, = / eiﬂ/t]P)(Yn - Ynfi S t < Yn - Ynfi71> eﬁt@
t=0 J

dP(B; < t), (38)
I o (BL) _
Unily,j = e ]P(Yn Y, <t<Y, — Yn—i—l) e —'P(Bl > t)dt, (39)
t=0 J!
if i = n, then replace P(Y,, —Y,; <t <Y, =Y, ;1) by P(Y,, <) and if j = {5 then replace
—,Bt 575 by 1 — 252_01 e—Bt B (/3t) )

Remark 6. Just like in Step 1, we can alternatively write the above expressions in terms of
expectations:

o

Unirss = E[e—wl eI B Ya )] BB lel) ] ’ (40)
ey (BT

/U’n,i,fg,j — E[l{TSBl}e_An—Z(T (Yn Yn_l))l{Yn—Yn,iST} e BT(/BJ—')]7 (41)

noting that Elyp<py f(T) = Ef(T) — El{psp,3 f(T) and that, for fixed ¢, Elgroyy f(T) =
e MEf(t+T) and hence Elgp-p,y f(T) = Ee 5 f(B; + T). O

Remark 7. For special choices of the arrival time distribution and the service time distribu-
tion at ()1, these expressions may be simplified. For example, assume that the arrival process
is a Poisson N,,(t) process that we introduced in Section 2, i.e., a Poisson(\) process that
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is aborted after m arrivals. Then P(Y,, = Y, <t <Y, —-Y, ;1) = e"\t(’\i—'z)i. If, moreover,
By ~ Exp(n), then we obtain that the expression in (38) simplifies to

. \ Z 5
“"v“w‘:m(ﬁjﬂwmw <n+v+A+ﬁ> | )

by either working out the integral in (38) or by a straightforward probabilistic reasoning. ¢

5.3 Algorithm

The above results can be used to devise a procedure that recursively determines fig, gk, m(2)-
It is given by the following algorithm.

ALGORITHM to evaluate W, gy m(2)-

INPUT: ki, ko, M, Upis,,; and vy e, ; for all n € {0,...,m}, i € {0,...,n}, s €
{0,...,]172} and ] S {0,...,62}.

OUTPUT: g, ¢y.n(2) for all £ € {0,...,k1}, €2 €{0,...,ko} and n € {0,...,m}.

01: Compute gy, 0(2) via (28)-(29);
02: FOR ¢; =1 TO k; DO
03: FOR /5 = 1 TO ko DO

04: Compute i, ¢,0(2) via (33);
05: END;
06: END;

07: FOR n =1 TO m DO
08: Compute [ ¢, n(2) for all ¢y via (34);
09: FOR ¢; =1 TO k; DO

10: Compute iy, ¢, n(2) for all ¢y via (35);
11: END;
12: END;

13: RETURN fik, ky.m(2).

Observe that in each step of this algorithm, one only needs objects that have been computed
earlier. The complexity of the algorithm is O(k;kym?), because the complexity of the for-loop
in lines 07-12 is O(kikan), while this loop has to be performed for n =1,... m.

Remark 8. By differentiating the above equations ¢; times with respect to z; and /5 times
with respect to z3, the above algorithm results in the recursive computation of the factorial
moments

Eiy ko Z1(TYZ1(T) = 1) .. (Z1(T) — b1 + 1) Zo(T)(Z2(T) — 1) .. . (Zo(T) — la + 1)], (43)

for any desired ki, ko, m and ¢1 € {1,...,ki}, lo € {1,...,ko}. From this the moments
Ei, ko.m|[Z1(T) Zo(T)%] readily follow. Likewise, equating the coefficients of the polynomials
in z; and z; on the two sides of (28)-(35) results in a similar algorithm for the recursive
computation of the probabilities Py, x,.m(Z1(T) = b1, Zo(T) = {3). O

Remark 9. Several generalizations could be thought of, such as the ones discussed in [6].
Notably, in Remark 2 of [6] we also included the amount of work in the system; and in its
Remark 3 we allowed service times to depend on n. O
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